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1 Introduction 



In the theory of the bispectral problem [PG|| , [ Wfl , one considers a commutative algebra A of 



differential operators L(z,d/dz) acting on functions of one complex variable z. Such an al- 
gebra is called bispectral if there exists a non-trivial family u(z, /i) of common eigenfunctions 
depending on a spectral parameter \i 

Lu(z,fi) = f L {n)u(z,n), L e A, (1) 

which is also a family of common eigenfunctions of a commutative algebra B of differential 
operators A(/x, <9/<9/i) with respect to jj,: 



Au(z,fi) = 9 A (z)u(z,n), AeB. (2) 

J. Duistermaat and A. Grunbaum ||DG|| studied the case where A is the algebra of differential 
operators that commute with a Schrodinger operator — V(z) with meromorphic potential 
V(z). They give a complete classification of bispectral algebras arising in this way. In 
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particular they show that A is bispectral if V(z) is a rational KdV potential (a rational 
function which stays rational under the flow of the Korteweg-de Vries equation). G. Wilson 
|W[| classified bispectral algebras of rank one, i.e., such that the greatest common divisor of 
the orders of the differential operators in A is one. He showed that the maximal bispectral 
algebras of rank one are in one to one correspondence with conjugacy classes of pairs (Z, M) 
of square matrices so that ZM — MZ + / has rank one. The bispectrality then follows from 
the existence of the involution (Z, M) i— > (M T , Z T ), which corresponds to exchanging z and 

The higher dimensional version of the bispectral problem, in which A consists of partial 
differential operators in z G C n is open. However O. Chalykh, M. Feigin and A. Veselov 
|C Vf| , ||C VFjl constructed examples of algebras in higher dimensions which have the bispectral 



property (see Veselov's contribution to [ |HK]| ) . In these examples A consists of differential 
operators commuting with an n-particle Schrodinger operator with certain special rational 
potentials, including the Calogero-Moser ones. These potentials are in many respects the 
natural generalization of rational KdV potential associated to rank one algebras. In these 
examples, the Baker-Akhiezer function u(z,fi) is symmetric in the two arguments, thus 
B — A. 



A good source of material on the bispectral problem is the volume ||HK|| . 

In this paper we study a class of examples of commutative algebras of partial differential 
operators acting on vector-valued functions with the bispectral property. This means that in 
(0), (0), u takes values in a vector space and 0a(z) are endomorphisms of the vector 

space. In our class of examples, the algebra A is generated by Knizhnik-Zamolodchikov 
differential operators. They are commuting first order differential operators associated to 
a complex simple Lie algebra g with a fixed non-degenerate invariant bilinear form and a 
non-zero complex parameter k. They act on functions of n complex variables Zj taking 
values in the tensor product of n finite dimensional g-modules. The "dual" variable fi is 
in a Cartan subalgebra of g. The first set of equations ([!]) is then the set of generalized 
Knizhnik-Zamolodchikov equations 

,(0 




u(z, jj) = fi^u(z, /i), i = 1, . . . , n. 

Here Vt E g <S> g is dual to the invariant bilinear form and QW' acts as on the zth and 
jth factors of the tensor product and as the identity on the other factors. Similarly is 
H acting on the ith factor. It is well-known that these equations form a compatible system, 
i.e., they are the equations defining horizontal sections for a flat connection. For fi = 
they reduce to the classical Knizhnik-Zamolodchikov equations. The algebra B is generated 
by rank(g) first order partial differential operators in /i with rational coefficients. We call 
the corresponding equations @ dynamical differential equations, and show that they form, 
together with the generalized Knizhnik-Zamolodchikov equations, a compatible system. We 
also give simultaneous solutions of both systems of equations in terms of hypergeometric 
integrals for a more general class of Lie algebras, which includes in particular all Kac-Moody 
Lie algebras. 
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In the case of g = SI2, the algebra B is generated by one ordinary differential operator. 
In this case, the corresponding equations where first written and solved by H. Babujian and 
A. Kitaev | BK| , who also related the equations to the Maxwell-Bloch system. 



Our paper is organized as follows. In Sect. we introduce the systems of Knizhnik- 
Zamolodchikov and dynamical differential equations for arbitrary simple Lie algebra and 
prove their compatibility. We then give formulae for hypergeometric solutions in Sect. ^| and 
give as an application a determinant formula. The fact that the hypergeometric integrals 
provide solutions is a consequence of a general theorem valid for a class of Lie algebras 
with generic Cartan matrix, introduced in [gV|. We introduce in Sect. f| the Knizhnik- 
Zamolodchikov and dynamical differential equations in this more general context and ex- 
plain in the next Section the results on complexes of hypergeometric differential forms from 
||S V| 1 . In Sect. |6| we prove that the hypergeometric integrals for generic Lie algebras satisfies 
the dynamical differential equations. Finally in Sect. |7] we prove that our hypergeometric 
integrals are solutions of both systems of equations for any Kac-Moody Lie algebra. We also 
find a determinant formula, which implies a completeness result for solutions in the case of 
generic parameters. 



2 Dynamical differential equations 
2.1 

Let g be a simple complex Lie algebra with an invariant bilinear form ( , ) and a root space 
decomposition g = h© (© a€ ACe a ). The root vectors e a are normalized so that (e a , e_ a ) = I. 
Then the quadratic Casimir element of g ® g has the form Q = J2 S h s ®h s + J2 a &A e « ® e -"> 
for any orthonormal basis (h s ) of the Cartan subalgebra h. We also fix a system of simple 
roots act, ... , a r . 

Consider the Knizhnik-Zamolodchikov (KZ) equations with an additional parameter fi G 
h, for a function u on n variables taking values in a tensor product V = V\ ® • • • ® V n of 
highest weight modules of g with corresponding highest weights A 1; . . . , A n , 

K— = fi (l u + 2_^ u, i — l,...,n, (3) 

where k is a complex parameter. We are interested in a differential equation for u with 
respect to /x which are compatible with KZ equations. If // G h, denote by the partial 
derivative with respect to fi in the direction of // 



Theorem 2.1 The equations 



nd^u = Y] Zi(/j,') {i) u + V ^^\e. a e a u, //' G h (4) 

i (a, a) 

form together with the KZ equations (fjj, a compatible system of equations for a function 
u(z, /i) taking values in V = V\ <g) • • • ® V n . 
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The equations (0J) will be called dynamical differential equations. 



Example. Let g = sIn = glitfC View si/v-modules as gl^- modules by letting the center 
of gljsr act trivially. Denote by E a ^ G gljy the matrix whose entries are zero except for a 
one at the intersection of the ath row with the 6th column. The fundamental coweights 
w a = (1 — a/N) J2b<a Eb,b — ( a /N) J2b>a ^b,b, a — 1, . . . , N — 1 form a basis of the standard 
Cartan subalgebra of sIn- Write // = ^2^=1 Va^a- Then our equations may be written as 



It is rather easy to verify that most terms of the compatibility equations vanish. The only 



positive roots by an element of the Cartan subalgebra. Since the operators commute with 
the Cartan subalgebra, it is sufficient to prove the following Proposition. 



The proof is based on the following fact. 

Lemma 2.3 Let a,/3 G A with a ^ ±/3, and let S = S(a,f3) be the set of integers j such 
that (3 + ja G A. Then Y.j & s\ e ^ ep+jae-p-j a ] = and J2j & sl e -^ ep +ja e_p_ ja ] = 

Proof. For roots 7, 5 such that 7 + 5 is a root, let N^^ = ([e 7 , eg], e-^s), so that [e 7 , e^] = 
N lt se-y+s- By considering the adjoint action on g of the s/ 2 sub-algebra generated by e± a , 
we see that for j3 7^ ±a, S is a finite sequence of subsequent integers. We may thus assume 
that S = {0,... ,k} by replacing (3 by (3 — jot for some j if necessary. 
We then have 




2.2 Proof of Theorem |2TT1 





e a . Then for all A, /i G h 



k 




j=0 



k-1 



k 




k-1 




j=0 
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By the invariance of the bilinear form, 



= — ^a,-/3-(jf+l)a- 

Therefore ^ies[ e <*> e /3+ja e -p-jo] vanishes. The other statement is proved by replacing a by 
—a and noticing that S(—a,(3) = S(a,/3). □ 
Proof of Proposition \2. 2{ : Consider 

T(A, n)T(u, /.) = £ [eae-a, e/*H>] (5) 

Let us show that this expression is a regular function of /i 6 h. Since for nontrivial A,/x it 
converges to zero at infinity, it then vanishes identically. 
We compute the residue of @ at (a,fi) = 0: 

V («^)(7^)-(7,A)(a,z/) i f6l 

a function on the hyperplane (a,fi) = 0. The sum over 7 of the form (3 + ja, j G S(ce,/3) 
gives for (at, //) = 0, 

\- (a, A)(/3, v) - (/J,A)(a,z/) 

2^ J^—\ [e a e-a, ep +ja e-p- ja \ = 0, (7) 

by the previous Lemma. Since the sum over 7 in (^]) can be written as a sum of such terms, 
it vanishes. 



3 Hypergeometric solutions 

Let g be a simple complex Lie algebra. Choose a set fi, . . . , f r , ei, . . . , e r of Chevalley genera- 
tors of the Lie algebra g associated with simple roots «i, ... ,a r . Let A = (mi, . . . , m r ) G N r . 
Let Q + = J2^ a i be the positive root lattice for g. Define a map a : N r — ► Q+ by 
a (A) = ^^iCKj- Let V be a tensor product of highest weight modules Vj of g with re- 
spective highest weights Aj, where j = 1, . . . , n. Set A = Y^j=\ Ar Denote V* the weight 
space of V with weight A — a(A). The hypergeometric solutions of the KZ equations in V\, see 
5Vj| , have the form u(z) = f , ^(z,t) 1 ^ k uj(z,t). We will describe the explicit construction. 



The number of integration variables (tk)™ =1 is m = m i- Let c be the unique non-decreasing 
function from {1, . . . , m} to {1, . . . , r} (i — 1, . . . , r), such that #e -1 ({i}) = m 8 . Define 

$om) = - ^) {Ai ' Aj) - ^)~ K(fe) ' Aj) n>* - */) K(fe) ' Qc(o) - 

i<j fc<Z 
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The m-form u(z,t) is a closed logarithmic differential form on C n x C m with values in 
V\. It has the following combinatorial description. Let P(X,n) be the set of sequences 
I — . . . , . . . , ) of integers in {1, . . . , r} with Sj > 0, j — 1, . . . , n and such 

that, for all 1 < j ' < r, j appears precisely |c _1 (j)| times in /. For / G P(X,n), and a 
permutation a G £ m , set ctl(Z) = cr(Z) and erj(Z) = cr(si + • • ■ + s 3 -_i + I), j — 2, . . . , n, 
l<l< sj. Define £(/) = {a G £ m | c(a J (/)) = i) for all j and I}. 

Fix a highest- weight vector Vj for each representation Vj, j — 1, . . . , n. To every / G 
P(A, n) we associate a vector /ji> = f { i ■ ■ ■ Vi ® • • • ® ■ ■ ■ fi^j) n in V\, and meromorphic 
differential m-forms uj i>(T = uj ai ^ r __ ;aiM (zi) A • ■ ■ A u ari{ r ) ,...,< Tn (s n ){z n ), labeled by a G E(J), 
where ^^...^(z) = dlog^ — ij 2 ) A - • • A d\og(t i3 l — t ia ) A dlog(tj s — z) is a meromorphic 
one form on C x C s . Finally 

IeP(\,n) cr6E(/) 

It obeys the equation $ _1 c?$Aci; = KAu, where .K" = y\-^„- Qfa') dz *- dz 3 _ j± s a consequence, 
for each horizontal family of twisted cycles 7(2) in {2} x C m , u obeys the KZ equations (^) 
with /i = (See [ [SV|| ). This construction can be modified to give solutions for general \x: 

Theorem 3.1 The integrals 

„ m n 

/ $ At = exp(-EKw^)^ + E^'" u )^') <l> ' ( 8 ) 

Aw i= i j=i 

are solutions of the KZ equations 

Proof. The proof follows from the identity 

n 

Q^d^fj, Auj = J2 f> (i) dzi A U + K A U. 

i=l 

To prove this identity notice that u is a sum of several terms u s , which can be grouped accord- 
ing to how the integration variables ti, . . . ,t m are distributed among the points zi, . . . ,z n . 
If the variable tk is associated to the point in one term uj s , then (dtk — d,Zi) A u s = 0. 
Moreover, if the term uj s obeys hM'u s = ((Aj, h) — Yl m 'j(^)( a j^ h))u s , h G h, where Aj is the 
highest weight of the z-th representation, then the number of variables tk associated to Zj 
such that c(k) = j is m'j(i), (j = 1, . . . , r). Thus we have 

n 

$~ 1 d$ li Au = ^2((A u fi) - ^m'^i)^, n))dzi A 00 + K Au. 

i=l j 

The proof is complete. □ 

Theorem 3.2 The hypergeometric integrals of Theorem \3. 1\ obey the Dynamical differential 
equations (fjj. 
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The proof of the Theorem is given in Section [7] . 

An application of the above two theorems is a determinant formula. 



□ 



Corollary 3.3 Fix a basis Vi, . . . ,va of a weight space V\. Suppose that Wj(/i, z) = Yjj=i u i,j v j' 
i = 1, . . . , d is a basis of the space of solutions in a neighbourhood of a generic point 
(/i, z) G h x C n . Let 5 a = try A (e_ a e a ), (a G A, a > 0), = tr Vx (Qij). Then there is 
a constant C = C(Vi, . . . , V n , A, k) ^ such that 

n 

det(«y) = Cexp(^-^try A (/i (i) )) JJ(a,//)~^ - zj)^ . 

i=l a>0 i<j 



4 Free Lie algebras. Dynamical differential equations 

4.1 The definition of KZ and dynamical differential equations. 

Following ||S"V]| let us fix the following data: 

1. A finite dimensional complex vector space h; 

2. A non-degenerate symmetric bilinear form ( , ) on h; 

3. Linearly independent covectors ("simple roots") a±, ... , a r G h*. 

We denote by b : h — ► h* the isomorphism induced by ( , ), and we transfer the form ( , ) to 
h* via b. Set bij = (ai,aj), hi = b^ 1 (ai) G h. Denote by g the Lie algebra generated by e^, 
fi for i — 1, . . . , r and h subject to the relations: 

[h, Ci] = (an, h)e u [h, fi] = -(«;, h)f u [e h fj] = 8ijh h [h, h'\ = 0, 

for all i,j = 1, . . . , r and h, h! G h. Thus we have constructed a Kac-Moody Lie algebra 
without Serre's relations. We denote by n_ (resp. by n + ) the subalgebra of g generated by 
fi (resp. ti) for i = 1, . . . , r. We have g = n_ © h © n + . Set b ± = n ± © h. These are 
subalgebras of g. 

Let A G h*. Denote by M(A) the Verma module over g generated by a vector v subject 
to the relations n + v = and hv = (A, h)v for all h Eh. Let us fix weights Ai, ... , A n G h*, 
and let M = Af(Ai) © ■ ■ • © M(A n ). 

For A = (mi, . . . , m r ) G N r , set 

(p-±)\ = ja; G n ± | [h, x] = (± nriia^ h)x, for all h G h| , 
M(A)x = [x G M(A) | hx = (A - 

miDii, h)x for all h G h > , 
•fa; G M | hx — ( ^~] Aj — uiiai, h)x for all h G h j . 



M 



A 



We have n ± = © A (n ± ) A , b ± = h © (© A (n±) A ), M(A) = © A M(A) A , M = © A M A . 

Let r : g — >• g be the Lie algebra automorphism such that r(ej) = —f\, r(/f) = — e^, 
T (h) = -h, for /i£h. Set = © A (n ± ) A . Set M(A)* = © A M (A)^. Define a structure of a 
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g-module on M(A)* by the rule 



(g<P, x) = (<f), -r(g)x) for G M(A)*, (? G g, a; G M(A). (9) 

There is a unique bilinear form K( , ) on g such that: K coincides with ( , ) on h; K is zero 
on n + and n_; h and n_ © n + are orthogonal; K(f iy ej) = K(ej, fi) = 5ij for i,j = l,... , r; 
K is g-invariant, that is K([x, y],z) = K(x, [y, z\) for all x,y,z G g. 

A bilinear form S on g is defined by the rule S(x,y) = —K{r{x),y). The form S 
is symmetric, r-invariant, and S([x,y],z) = S(x, [r(y), z\). The subspaces n + , h, n_ are 
pairwise orthogonal with respect to S. 

For a Verma module M(A) with highest weight A and generating vector v there is a 
unique bilinear form S on M(A) such that: S(v , v ) = 1; S(eiX,y) = S(x,fiy); S(fiX,y) = 
S(x,eiy), for all 6 M(A) and z = 1, . . . ,r. S is symmetric. The subspaces M(A) A are 
pairwise orthogonal with respect to S. The form 5* induces a homomorphism of g-modules 
5* : M(A) — > M(A)*. The module M(A)/ker5' is the irreducible g-module with highest 
weight A. More generally, on the space A p n_ ® M(Ai) Cg) • • - Cg) M(A n ) for Aj G h*, a bilinear 
form S is defined by the rule 

n 

S(gi A • • • A g p ® x x <g) ■ ■ ■ ® x n , g[ A • • • A g' p <g) x[ ® • • ■ ® x' n ) = det gj) ■ JJ ^(a^j, a;-). 

i=l 

This form induces a map 

: A p n_ <g> M(A X ) ® • • • ® M(A n ) -> (A p n„ ® M(Ai) ® • • • ® M(A n ))* (10) 

S is called the contravariant form. The linear map depends analytically on (6y) and 
Ai, . . . , A„ G h* for a fixed r. It is non-degenerate for general values of the parameters, see 
Theorem 3.7 in ||SV|1 . 



A Lie bialgebra structure on b± [ |S V|| . A Lie bialgebra is a vector space g with 
a Lie algebra structure and a Lie coalgebra structure, such that the cocommutator map 
i/:g^gAgisa one-cocycle: xv(y) — yv(x) = u([x,y]), for all x, y G g. Here the action 
of g on g A g is the adjoint one: a(b Ac) = [a, b] A c + b A [a, c]. The dual map to the 
cocommutator map, v* : (g A g)* — > g*, defines a Lie algebra structure on g*. 

Let g be a Lie bialgebra. The double of g is the Lie algebra equal to g © g* as a vector 
space with the bracket on g and g* defined by the Lie algebra structure on g and g*, and 
for x G g and I G g*, [l,x] = I + x, where x G g and I G g* are defined by the rules 
l(y) = l([x,y]), m(x) = [m, l](x), for all y G g, m G g*. The double is denoted by -D(g). 

Let g be the Kac-Moody algebra we defined at the beginning of the section, g is a Lie 
bialgebra with respect to the following cobracket. There exists a unique map i/:g^gAg 

such that xv(y) —yv(x) = u([x, y]), and u(h) = 0, and u{fi) = - fi A hi, and vfe) = -e^ A hi. 

In the previous four equalities, h G h, i — 1, . . . , r, the action of g on g A g is the adjoint 
one, see [0 Example 3.2 and |SV ] . b_ and b + are subbialgebras . The map v has the 



property rv + vt = 0. Thus, if p : b_* — ► End(V) is a representation of the Lie algebra 
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(Ht>_)* : A 2 b_* — > b _*, then — p o r : b + * — > End(V^) is a representation of the Lie algebra 
(z/| b+ )*:A 2 b + *^b + *. 

Note that the coalgebra map v defines a Lie algebra structure on b^_. 
Comultiplication. Let M = M(Ai) (g • • • <g) M(A n ). Let u = t>i <g> • • ■ <g> u n G M be 
the product of the generating vectors. Set A = X)Ar D ac ^ on b_ ® M by the rule 
a(6 ® m) = [a, 6] (g) m + b £g> am. For 1 < i < n, and a, 6 G g, m = x\ ® ■ ■ ■ ® x n G M, set 
£i ® ■ ■ ■ <8> a?j_i ® aa;j ® Cg) ■ • • <E> x n and a^(b ®m) = [a, b] <g> m + b ® a^m. 
There is a unique linear map Vm '■ M — > b <g> M such that 

z/^(/i ■ x) = h ■ Vm{x) for any /i G h and x G M; 



Recall that 6 -1 (a(A)) = E 

of Sect. JO]. The map v M _ : M — > n 



= Y^rriihi, and 6 1 : h* — > h is defined at the beginning 
)M is defined via an inductive definition. Vm_(v) = 0, 



"ff-C/*^) = /i^ilW for fc ^ J, and ^_(jf } z) = /, ® /if ] x + /f 

In all formulae we have 1 < i < r, and 1 < j, k < n. 

Remark. The corresponding definition of vm-{x) in ||SV|| should be corrected as above. 
Note that the two definitions coincide if we have one tensor factor, i.e. n = 1. We have the 
following Lemma (cf. Lemma 6.15.2 in |SV|). 



Lemma 4.1 For any x, y G M , a G b_ ? 

S{v M {x),a®y) 

Here S is defined on b <g> M by the rule S(a <8> x, b <g> y) = S(a, b)S(x, y), cf. ([Hp. 



^S(x, ay) if a Eh; 
S(x, ay) if a G n . 



The proof of Lemma f4.1| is given in Section [15] 

Note that the above Lemma renders the following diagram commutative. 



□. 



n 



n 



M 



M* 



standard 
> 



M 



M* 



S is an isomorphism for general values of parameters (6^), (A fc )£ =1 , see ||SV|| sec. (3.7) and 
(6.6). Hence, u* M : b_*® M* — > M* is a b_*-module structure with respect to the Lie algebra 
structure v* : A 2 b_* — > h * for any values of the above parameters. 



Corollary 4.2 If y G ker S : n — > n then yM C ker S : M — > M. 



□ 
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Actions of the doubles of b± on M and M* respectively. 

Consider the standard action of b_ on M*, i.e. Va G b_ V0 G M*, (a ■ 0, . ) = (0, —a . ) 
where the action on the right hand side is the standard action of g on M. This map together 



with v* M _ defines an action of b_ © b_* on M*. Lemma 6.17.1 [ |5V|| asserts that M* is a 
/}(b_)-module under this action, where _D(b__) is the double of b . 

For any a G b_*, the action of v* M defines a map v* M {a, .) : M* — > M* . Set p(a) = 
-{v* M {a, .))* : M -»• M. The map p : b * -> End(M) gives an action of b„* on M. An 
action of b + * on M is defined by uj = —p o r : b + * — ► End(M). The rule a (gi a; — > r(a)x, for 
a G b + ,x G M, defines an action of b + on M. This action and the map u define an action 
of b + <S> b + * on M. Lemma 11.3.28 @ implies that M is a -D(b + ) module. 

Note that for any Kac-Moody Lie algebra g without Serre's relations, and a g-module 
V we can define a g-module structure on V* by the rule (gcj), ■) = ((f>, — g • ) for all g G g 
and G M*. With respect to this module structure, M becomes a /}(b_)-module and M* 
becomes a D(b + )-module. 

KZ equations and dynamical differential equations in M and M*. For a vector 
space V denote by Q(V) G V(g> V"* the canonical element. For A G N r , set f2^ ± := f2((n ± ) A ) G 
(n±) A ®(n ± )*, set ft+ ± := fi((n ± )*) G (n ± )*®(n ± ) A , := (fi(h)+n(h*)) G h®h* + h*®h. 
Set 

A A 

Let be the operator on M (or M*) acting as fi+ on M(Aj) ®M(A i ), (M(A<)*® M(Aj)* 
respectively) and as the identity on the other factors. The action of D(b±) on M(Aj) is 
the action decribed in the previous chapter when n — 1. The KZ equations with additional 
parameter p G h, for a function 2) on n variables 2 = (zi, . . . , z n ) taking values in M 
(or M*) are 

K ^ = ^) u + J2-^^u, i = l,...,n, kgC. (12) 

«7=? 



Let a be a positive root for g and (y^) a basis of (n + ) a . Set x^ = r(yf^). Then 
((Vi^)*), (x^) and ((x^)*) are bases of (n + *)o,, (n_) a , (n_*) a , respectively. Define opera- 
tors A ±)Q on M (or M ) via the formulae A +>Q = Y,iVi (Vi)*, A -,« = EiC^)*^— The 
dynamical differential equations for the function u(p, z) with values in M (M* respectively) 
are 

n ( '\ 

K d^ u = J2 z i(^ ) u + Yj^-A + , a u J p' eh, kgC. (13) 

4=1 a>0 \ a, ^ J '' 

4.2 Properties of the operators A + a . 

The properties of the operator fl+^j are thoroughly described in [jVj. Now we are going to 
study the operators A +jCf . 
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Lemma 4.3 The following diagram is commutative: 



M 



M* 



M 



s 



M* 



In particular, the operators A +iCf preserve the kernel of the map S : M — > M* . 

Proof. We fix a throughout this proof and will drop it from the notation of the bases. Fix 
a basis (uk) of ker S : (n+) a — > (n + *) a . Complete it to a basis of (n + ) a by vectors (vi). Let 



(ul), (v*) be the dual basis of (n + *) a . Moreover, 

(vf) = J2( A '%S(v p , .), and (r( Vi y) = ^(^^(r^), .), 



(14) 



where A = (ai p ) is a nondegenerate matrix with entries a lp = S(vi,v p ). 

For y G (n + ) a , consider the map y : M — > M via the action of D(h + ). Let y ■ p denote 
the D(h + ) action, and yp denote the standard action of b + . Then we have 

S(y -p,q) = S(r(y)p,q) = S(p,-yq) for any p, q <E M. (15) 

Consider the map (vi)* : M — > M via the action of D(h + ). For any p, q G M we have 

SWp, q) = (Wp, S(q, . )) = {{vUr{vi)\ •))>, S(q, . )) (16) 
= (p, u* m (t(viY, S(q, • ))) = (p, i&CC(^-%<%(w;), ■), S{q, . ))) 

3 

= '^2(A~ 1 ) lj (p, S(r(vj)q, .)) = ^(^ -1 )yS'(p, r{vj)q). 



The first three equalities come from the definition of the action of D(b + ) on M, the last two 
from formula fll~4]) . We combine (|T5), (16), and Corollary |4.2| to obtain: 



5(A +iQ p,g) = S{C^2u k (u* k ) + ^2vi{vi))p,q) = S{^2vi{vi)p,q) 

k I I 

= S((vl)p, (- Vl )q) = - ^(A-'hSip, r{v 3 )v iq ). 

3,1 



(17) 



Now we trace the arrows in the alternative direction. For x G (n_) a , consider the map 
x : M* —> M* via the action of D(b_). Denote this action by Let xq denote the standard 
action of b_ on M. We have 

(x ■ S(p, .), q) = (S(p, —t(t(x)) - ),q) = S(p, —xq) for all x G b_; p, q G M. (18) 
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Consider the map (t(u{))* : M* — > M* via the action of -D(b_). 

((r(«0)^(p, •),?> = ((E^" 1 )^^)-))^.-),?) (19) 

3 

Finally combine (|T8|), (|19D , and Corollary [O] with G ker 5 1 to get 

(-A^ a S(p, .),q) = (- fE r (^) V ^) + E r ^)* r ^)j S(p,.),q) 
= -(^2r(u k )*S{p,-r(u k ) .),q) - E T WS(p, -r(u ( ) . ), g) 
= (-E •),?> + <- E ^)*S(-t(-t(^))p, • ), Q) 

k I 

= 0-(J2(A-% 3 S(r(v,)( Vl ) P ,.), q ) = -Y,{A-%S{r{v j ){v l )p, q ) 

3,1 U 

= -J2(A-%S(p,T( Vl )v jq ). (20) 

3,1 

Since the matrix A is symmetric (|j]) and (|20|) prove that the diagram is commutative. □ 
As a corollary of the Lemma we have that A +jQ naturally acts on L = Mj ker(S' : M — > 
M*). We describe this action. Consider the Kac-Moody algebra g = g/ker(S : g — ► g*). 
Let x i — ► x denote the canonical projections M — > L, g — > g. ker S is an ideal and the form 
S induces a non-degenerate Killing form on g via the formula K(x,y) = —S(r(x),y), see 
0. K induces a non-degenerate pairing between root spaces g a and g_ a . Let (e^) be a 
basis of g a , and let (// ) be the dual basis of g_ Q with respect to K. Let A a = ^ z fi°^ e i ■ 

Corollary 4.4 The following diagram is commutative 

M ^ ► M 

D(b-f)— action 



L — > L. 

standard 

Proof. L(A) = ImlS* : M —>■ M*} via x i— > 5*(a;, . ). We keep the notation from the Lemma 
above. Set wi = — ^2j{A~ 1 )ijr(vj). From the computation in the Lemma we have 



A + , a p = S(A + , aP , .) = S(E(-E( A "Vte)) 



5 (E • ) = E = E ww 

Z / l 
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Finally notice that the set (pi) forms a basis of g a , and the set (wi) forms the dual basis of 
g_ a with respect to K. □ 

Corollary 4.5 Fix A G N r . Let m G M\, and let (rrij) be a basis of M\, and let (m*) be the 
dual basis of . Then the following decomposition holds 

j 

Proof. Let y G b + and x = r(y) G b_. Let p G M, and G M*. As in the proof of 
Lemma [4.3| (y*p,<p) = (p,x*(p), where D(h + ) acts on M and D(b_) acts on M*. Moreover 
(y ■ p, 0) = (p, —x ■ 0), where D(h + ) acts on M and _D(b_) acts on M*. Finally noting that 
= Ej a \y^y and A_, Q = EMy^My^) we have 

A +>a m = ^^(m*, A +jQ ,m)mj = ^^( — A_ )Q m*, m)irij. □ 

4.3 An integral form of the dynamical differential equations 

Our aim now is to rewrite the Dynamical equations in a form related to the hypergeometric 
solutions. Fix A = (mi, • ■ ■ , m r ) G N r . Let M be a tensor product of highest weight modules 
of the Kac-Moody Lie algebra without Serre's relations g. Set A = J^Aj, the sum of the 
respective highest weights. Consider the weight space M\ of M with weight A — a (A), where 
ct(\) = ^miQjj. Fix a highest-weight vector Vj for each module M(Aj), j — 1, . . . ,n. To 
every / G P(\, n) we associate a vector fiv = /ji • • • fi\v\ ® • • • ® fq ■ • • f^ n v n in Ma, cf. 
Section [| Note that the vectors (//w)/ e p(A,n) form a basis of M\. 

n acts on via the _D(b_) action. Therefore U(n_) acts on M^. Explicitly, x ■ <p( . ) = 
0(— x . ) for x G n_, G M* (cf. Section O), where the action on the left hand side is the 



D{h ) one and the action on the right hand side is the standard one. Let V be a vector 
space freely generated by f\ , . . . , f T . Therefore we have an inclusion of tensor algebras 
T(V) C T(n_). Moreover T(V) is an associative enveloping algebra of the Lie algebra 
n_. Since T(V) is a free associative algebra, T(V) is isomorphic to the universal enveloping 
algebra U (n_). From now on we will refer to the monomial basis of T(V) as to the monomial 
basis of C/(n_), and to the dual of the monomial basis of T(V) as to the monomial basis of 
C/(n_)*. Rewrite a commutator x G n_ as an element of t/(n_) in the form x = Y2 a j x j 
where aj G Z, and Xj S 8lY6 elements of the monomial basis of U(n_). Thus 

(x ■ (j), . ) = (0, - ^ a i x 3 ■ ) ( 21 ) 

Denote i : n_ — ► f/(n_) the inclusion monomorphism. Let cr^ G {1, ... , r} for j = 
1, . . . , k. Let the positive root of g, Y^j=i a <Tji correspond to the r-tuple A' G N r , i.e. 
Oi(\') = Y^j=i a ay Define an element A CT1 ; ... iCTfc of (n_) A , via the rule 

(A CTlj ... )fffc ,x) = ((f ai ■ ■ ■ f Uk )\i(x)) where x G n_, and (/„ • • ■ f Uk )* G C/(n_)*. (22) 
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Thus (A aii _ >ak , x) is the coefficient of f ai ■ • • f ak in the decomposition of i[x) into a sum of 
monomials . 

Lemma 4.6 Let a = Yl r k=i m 'i a i ^ e a positive root of g. Let I £ P(X,n). Set X' = 
(m^, . . . , m' r ) £ W. Then we have 

-A_ >a (fiv)*= ( Yl A *iv.,v( e v ••• e n) ] Uiv)\ (23) 
\(ii,...,i m ,)eP(AM) / 

where Aj lr .. ) j , acts according to the D(hJ) action on M^, the product of e's acts on one 

tensor factor at a time {ei m , • • • e^) = X/*=i e i , ' ' ' e h > an< ^ e i ac ^ s v ^ a ^ e standard action 
(^) on each tensor factor. 

Proof. Note that a = a(X'). Let x £ (n_)^. If there exists i such that vn! i > mi, then 
formula fl2~l~|) implies a; • (fiv)* = for every / £ P(X,n) because each monomial Xj in the 
U(n_) expansion of x has more f\'s than //f . 

Now let vn! i < mj for any 1 < i < r. Set m! = Yl m i- First consider the case n — 1, 
I = (ii, . . . ,i m ) £ P(A, 1). Let (x*) be a basis of (n_)^, such that x\ = A ilt ... iim , , and let 
(xj) be the dual basis of (ii_)a'. Formula (|22|) implies that the coefficient of the monomial 
fix' • • fi i in the U(n^) expansion of x\ is 1, and the coefficient of fi t - ■ ■ fi , in the U(n_) 
expansion of Xj is for j > 1. Now use (|21~D to obtain 

-x x ■ (fiv)* = (f iml+1 ■ ■ ■ f im v)* = e im , ■ ■ ■ e^f^)* 

- Xj ■ (f lV )* = for j > 1. (24) 

For any element I' = . . . , i' m ,) £ P(X', 1), such that I' ^ (h, ■ ■ ■ , w) we have 
e i' , ■ "' ^i[(fiv)* = 0. The proof for n = 1 is finished. 

Let n be arbitrary natural number, (fiv)* = (f^ ■ ■ ■ fi\ vi)* <S> ■ ■ ■ <S> • • ' fi% n v n)*- 

Formula (0) implies (-a; - (fiv)*, .) = ((fru)*,x.) = ((fiv)*, YT j= i x U) ■ )• Thi s and the 
computation for n = 1 give 

n 

-A_, Q (^)*= ^A il ,..., m; e£... e ;?(^)*. □ 

(ii,... I i ra ,)6P(AM) j=l 

For every positive root a = ^2 mfcti of g, set X a = (n^i, ■ ■ ■ , m") £ N r . Now we combine 



Corollary [L5] and Lemma |4.6| to obtain the following form of the Dynamical KZ equation. 



Lemma 4.7 Lei u(fi,z) = YlieP(\n) u ifi v > an< ^ ^ i 1 *' € h ^ a direction of differentiation. 
The Dynamical differential equation (fJJ) zs equivalent to the equation 

n 

Kd^u = ^z;(/i') (i W (25) 

i=l 

+ E Efe^ E <( E A il ,...,ae im r--e i MM*Jiv)u I f J v. □ 
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4.4 A symmetrization procedure 

The definition of the hypergeometric differential form involves a symmetrization proce- 
dure, see Section [|. Now we will study the behavior of the operator A^,...^ , • • - e^ for 
(ii, . . . ,i m >) G P(X', 1), where a = a(A'), under the same type of symmetrization procedure. 

Complexes [|5V|| For a Lie algebra g and a g- module M, denote by C.(g,M) the 
standard chain complex of g with coefficients in M. C p (g, M) = A p g £g> M and 

p 

d:g p A---Ag 1 ®x = A • • • A & A • • • A g x <g> g t x + 

i=i 

+ (~ l ) l+j 9 P A - • • A gj A • • ■ A gi A • • • A g x A ® a;. 

i<«<j<p 

Let Ai, . . . , A n G h*. Set M = M(A X ) ® • • • ® M(A n ). Consider the complex C.(n_, M). 
We have the weight decomposition C.(n_,M) = ©AeN r C«( n -> M)>. 

In Section |4.1| we recalled a Lie algebra structure on n_* and a n_*-module structure 
on M*. Let C.(n_*,M*) be the corresponding standard chain complex: C.(n_*,M*) = 
(B\eN r C,(n_* , M*)\. The covariant form induces a graded homomorphism of complexes, 
S : C.(n_,M) -> C.(n_*,M*), see jSV| . 



Let A = (mi, . . . ,m r ) G N r , and m = ^mj. Define a subgroup £a of the symmetric 
group S m via the direct product Ea = E mi x ■ ■ ■ x E mr , where E m . permutes the set of indices 
{J2 P =i m p + l, . . . , YlpZx rrip + mj}. Introduce a free Lie algebra nl on generators /i, . . . , / m . 
Define a map of Lie algebras n_ — > nl by setting f m ^) + j, where m(i) = mi + 

••• + mj_i. It induces a map of complexes C.(n_, [/(n-) 071 ) — > C.(5I, ?7(nu)® n ) EA . Set 
A = ( 1,1,... ,1 ). Let 

m 

s : C.(n_, E7(n_)®*) A -> C.(SI, [/(fil)®^ (26) 

be the previous map composed with the projection on the A- component. 

On the other hand there is a map of Lie algebras \\1 — > n defined by / 3 - i— ► /j, for 
m(z) < j < m(i + l). It induces the map tt a : C.(SI, U(Kl)® n \ -> C.(n_, £/(n_)® n ) A . Note 
that s(y) equals the sum over the preimages of y under 7r A , for any y G C.(n_, £/(n_)® n )A- 
Each such preimage is uniquely described by an element a G Ea. 

Example. Let n = 1 and J = (ii, . . . , i m ) G P(A, 1). Consider // as an element of 
Co(n_, U(ii-.))\. Then s(/i) = f ai ■ • • f„ m , where the sum is over the set {cr G £(/)} — 

Lemma 4.8 Let n = 1, J G P(A, 1), andm' < m. T/ien i/ie map s* : (Ci(nu, £/(nl))~ A )* — > 
(Ci(n_, C/(ii_))a)* /ias the following property 

■•/*»)• I =^.. i4mf ®(/ w .../H»r (27) 
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Proof. Choose a basis (x*) of n_* such that x\ = Aj lr .. ! j m , and let (xj) be the dual basis 
of n_. Take a tensor product of the basis (xj) with the monomial basis in U(n_) to get 
a basis in n_ ® f/(n_). Let us compare the two sides of fl2T|) on that basis. Aj^...^ , £§> 

(/w+i ■ • ■ fi m )*( x i ® /i m /+i - ' - /»m) = 1- The ri g ht hand side is zero on an y otner element of 
the basis. 

Let i : n_(g>£7 (n_) — > U (n_)(g)Z7(n_), and z : nl!®C/ (nl) — > C/ (5I)<E>{7(nI) be the natural 
inclusion maps. Clearly ios = soi. Moreover, (A^ ... CTi ,s(x)) = ■■■fa i )*,(i° s ( x ))) 
by definition for a; G n_. For a fixed a 6 Sa we have 

(s*(A CTli ... )(7m; ® (/ am/+i ■ ■ • a* ® / im/+1 •■•/<„> = 

= (A CTil) ...,^ ro , ® (£ w ■ • • f aim y, s( Xl ® ■ ■ • / im )) 

= {{7*1 ■ ■ ■ 7a m ,Y ° l ® (7a m , + 1 ■ ■ • JaJ*, sfcl <g> ■ • ■ fcj) 

= {{7*i 7* m ,y ® {7* m , + i ■■■7* m y, s{i{ Xl ) ® 7 m , +1 ■■Jij) 

The duality of the bases implies i{x\ ® fi m , +1 ' ' ' /im) = {fh ' ' ' fi m i + other monomials) ® 

fi ml+ i ■ ■ ■ Am and soi(xi ®fy +1 • • • fij = {7n • ■ • 7x m , + other monomials )®7* m , + i • • • £ m . 

Therefore, (s*(A ai) ... j<TW ® (/a m , +1 ■ • ■ / CTm )*), a?i ® /; m , +1 • ■ • /O = 1. The same way we check 
that the left hand side is zero on the other basis elements. □ 

Corollary 4.9 Let it be the restriction of the projection tt\ to the subspace C_{nl, U (iil)® n )~ x 
ofC.{nl, U{£l)® n )~ x . Let J = (j u . . . ,j m ) e P{X,n) and I = (i x , . . . , w) e P(A Q , 1) /or a 
positive root a. Then we have 

( £ A Tl) ... )Tm ,(e Tro ,...i Tl ))( £ (7 ffl ---7 CT J*) = vr*((A n ,... iira ,(e lm ,...e ll ))(/ J1 ---/, m )*). 

t£E(/) aeS(J) 

(28) 

Proof. Assume n = 1. The general case follows from this one because the operators 
{e T , . . . e n ) and (e* , . . . e^J act on one tensor factor at a time. Since s o n = |S>|id we have 
7r*os* = |E>|id. s* and 7r* are maps of complexes, i.e. they commute with the corresponding 
differentials. Thus, Lemma implies after applying differentials and taking ir* from both 
sides 

The right hand side of our formula is non-zero if and only if m' < m and z& = jk for 
1 < k < m! . Thus we compute 

n {Ail,... ,i m ' e i m > ■ ■ ■ e h{fjl ' ' ' fjm) ) = 71 {Aji,...,j m ,{fj m i + i ' ' ' fjm) ) 

^ ^ Aai,...,cr m i {f<T m i + i ' ' ' f* m ) ^ j A-ai,.. . ,cr m /C(T m / ' ' ' e <ri {fai ' ' ' fa m ) 

o-eS(J) o-GS(J) 
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Note that (01, . . . , a m i) G £(/). For any other r 6 we have e rm , • • • e ri • • • fa m )* = 0. 
Therefore we rewrite the last equality in the form (p8|) . □ 
Our last step is to show that the Dynamical equations for any Lie algebra in any weight 
space follow from the Dynamical equations for any Lie algebra in a weight space with weight 
A (1-1 1). 

Fix a finite dimensional complex vector space h, a non-degenerate symmetric bilinear 
form ( . , . ) on h, and a set of linearly independent "simple roots" ai,... ,a r Gh*. Consider 
the corresponding Kac-Moody Lie algebra without Serre's relations, g, defined at the begin- 
ning of Section Recall that b : h — > h* denotes the isomorphism induced by the bilinear 
form, hi = b~ 1 (ai), and and the form ( . , . ) is transfered to h* via the map b. 

Fix A = (mi, . . . , m r ) G N r . Consider the corresponding positive root a(X) = Y^i=i m i a i 
of g. Up to reordering of the a's we can assume that a(X) = Y^=i m i a i where rrii > 
for 1 < % < p and p < r is fixed. The corresponding coloring function is c\ : {1, . . . , m — 
Y^ m i} — *■ {1) ■ ■ ■ )P}- We use the following linear algebraic fact when symmetrizing. 

Proposition 4.10 Let h be a finite dimensional vector space with a non- degenerate symmet- 
ric bilinear form ( . , . ), and a set of linearly independent vectors (hi) r i=1 C h. Then there 
exists a finite dimensional vector space h with a non- degenerate symmetric bilinear form 
( . , . )i ; a set of linearly independent vectors {hj)™ =1 C h, and a monomorphism Sh '■ h — > h 
such that 

(a) s h (hi) = Y%L\ h m(i)+j , where m{i) =m 1 -\ h m^i, i = 1, . . . ,p; 

(b) (hj, s h (h')) 1 = (h c{j) , h!) and (h', h") = (s /l (/i / ), s h (h"))i for any h', h" G h ; j = 1 . . . , m. 

Proof. Let q = dim h. Complete the set hi, . . . , h r to a basis hi, . . . ,h r , h r +i, ... , h q of h. U 
Consider a complex linear space h' = C{/ti, . . . , h m , h m+ i, . . . , h m+q _ p }. Extend the coloring 
function c : {1, . . . , m+q—p} — > {1, . . . , q} setting c{m+j) = r+j for j = 1, . . . , q— p.Define 
a symmetric degenerate bilinear form on h' by the rules (hj, hk)i = {h c (j), h c ^)) for 1 < j, k < 
m + q—p. The rank of the form is q and the dimension of its kernel ism — p. There exists an 
extension h of the vector space h' and an extension of ( . , . )i to a non-degenerate symmetric 
bilinear form on h. 

Define a monomorphism Sh by Sh(hi) = — Y^li h m (i)+j, where m(i) = mi + ■ ■ ■ + mj_i, 
i — 1, . . . , q, and note that Sh(h p+ j) = h m+ j for j = 1, . . . , g — p. Now checking (b) on a 
basis is straightforward. □ 

Set otj — (hj, . )i G h* for j — 1 . . . , m. Consider g, a Kac-Moody Lie algebra without 
Serre's relations corresponding to the data h, (.,.)]_, and (oij) 1 f l =l . Note that 1 < j < m 

implies (aj, s h (h')) = (hj, s h (h'))i = (h c (j), h') = (« c(i) , h') for any h' G h. 

Let M = M(Ai) ® • • • <8> M(A n ) be a tensor product of Verma modules for g with 
corresponding highest weights Ai, . . . , A n G h*. Since Sh is a monomorphism, : h* — > h* 
is a linear epimorphism. Choose highest weights A 1; ... ,A„ 6 h* such that s* h (Aj) = Aj 
for 1 < j ' < n, and consider the corresponding tensor product of Verma modules for g, 
M = M(Ai) ® ■ ■ ■ ® M(A n ). 
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Lemma 4.11 Let A = (1,1,... ,1). Let u(^,z) = J2KeP(Xn) UK f K ^ e a hypergeomet- 

m 

ric solution of the Dynamical equations with values in the A weight space of a g-module 
M = U{ul)® n . Then u(fjL,z) = 7t(m)(s^(/x), z) is a hypergeometric solution of the Dy- 
namical equations with values in the A weight space of a g-module M = U(n^)® n , i.e. 

U = £j G P(A,n) uifi. 

Proof. Note that by definition P(X, n) = UieP{x,n){K G £(!)}. From the definition of the 
hypergeometric differential form, see Section [| it follows that Uj = £j. eS m ^K- Therefore 

*<fi = *( E E = E ( E = E W/- (29) 

ieP{X,n) K€Z(i) ieP(x,n) KeX(i) ieP(x,n) 

Fix a point /j £ h and a direction of differentiation // G h. Denote /2 = s/i(/x) and /I' = Sh(fjf)- 
Since 

m n 

9 M * exp(- ^2(a c(j) ,fj)tj + ^2(A h //)) = 

m n m n 

= (- E^ a *)' + E^' ^) exp (~ E^*)' + E^' ^)) 

i=i i=i 2=1 

m n m n. 

= (-E^''^^ + E^'^) exp ( _ E^'^^ + E^'^) 
i=i «=i i=i /=i 

m n 

= dp exp(- J^<5j, /Z)t,- + E^' ^))' ( 30 ) 

3=1 2=1 

we have n(dpu(jl, z)) = <9 M /7r(w)(/i, z). If I = (Ji, . . . , I n ) G P(A, n) and if = (ifi, . . . , K n ) G 
S(J), where Kj — (k{, . . . , k J s .) and = . . . , then 

Ji' ij) f K = (Aj -^2a k j,Jl')fK = (Aj - ^a^n')f K , 

2=1 2=1 

tt(a?W £ n x 7 x ) = (A,-^^,/i')( £ 
ife£(7) 2=1 KeT,(i) 

= ( A i - E a if '^')( E = ^ - E a i\^') u ifi = ^ {3) fi ( 31 ) 

2=1 ifeE(J) 2=1 



Combine formulae (^9j) and (|31|) to obtain 



71 



tt(^ = ^ (32) 

3=1 3=1 
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Let a = YH=i m i a j be a positive root for g. Lemma |4l] gives a necessary condition for 



a non-zero action of A_ jQ , on MjJ. Namely < m; for all i = 1, . . . , r. Analogously, for 
a positive root 5 = Y^jLiPj^j °f g a necessary condition for a non-zero action of A_ t 5 on 
M~ is pj = 0, 1 for j = 1, . . . , m. Call all such a's ( 5's) A-admissible (A-admissible). Since 

s* h {oij) = a c (j), s* h maps the set of A-admissible roots of g onto the set of A-admissible roots 
of g. 

Let a = Y^ m i a i be a A-admissible root for g and m' = X] m i- For any 5, such that 
s* h (a) = a, we have (5, ju) = (a, //) / (a, . Consider tt(^~ s * (5)=Q ^^A +j5 m), 

where the sum is over A-admissible roots. Corollary [4.5| applied to the basis {fx) KeP(\n) 

of 

M\ gives 

^4m y: ^A + ^) =7 r ( e (- e ^-mk)\u)J K ) = 

\otiU ) _ „ (a, u) _ ^ 

a,s* h (a)=a KeP(X,n) a,s* h {a)=a 

= E <(- E A -.-)( E (/if)*). 5 )// ( 33 ) 

/eP(A,n) 5,s*(5)=o ifeE(J) 



Lemma J4.6I asserts that 



- A_ >5 = ^ ( A, 1) ... >lm ,(e lm ,...e, 1 ) 

a,s* h (a)=a a,s* h {a)=a \(2 1 ,...,/ m ,)eP(A 5 ,l) 

Rearrange the summation using that sum over (h, . . . , l m >) G -P(As, 1) such that s£(5) = a 
equals the sum over (pi, . . . ,p m ') G S(J) such that J = (ji, . . . , J m /) G P(X a , 1)- Combine 
such rearrangement with Lemma [L6] and Corollary [4. 9| to simplify formula ([33]) . 



= E < E ( E A Pl ,..., Pm ,(e Pm ,...e Pl ))( £ (7kr)*),5>/ j r 
leP(\,n) JeP(\ a ,i) (pi,---,p m /)es(J) ifes(j) 

= E ( E ^ ,.,('.,,---'. l <nf,r).«)f l 

leP(\,n) JeP(\ a ,i) 
= E < E A h,...j m '( e i m > ••• e ii) (//)*> 7r ( 5 ))/i 

IeP(X,n) J<EP(\ a ,l) 

= (-A_ ta (//)*,«>// = A + ^tt. (34) 

7eP(A,n) 

Finally (j3|) and @ imply 

fyu = Tr(^S) = ^ + E 7^rA +i5 )S0 = z/W + £ ^V>. □ 

i=l 5>0 j=l a>0 \ a '^/ 

(35) 
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4.5 The proof of Lemma |4.1| 

Recall that the linear map vm '■ M — > b_®M has the following property Vm{x) = -(& -1 (A— 
a (A))) <S> x + z/ M _(x), where x G M\, u M _(x) G n_ £g> M, and 6 _1 : h* — > h is defined at the 



beginning of Section |4~l| . Let a G h, x G M A . Since 5(6 ® x,a ®y) = S(a, b)S(x, y) for any 
6 G g, y G M, and h is orthogonal to n_ with respect to S, and ( . , . ) coincides with S on 
h we have 

S(v M -{x),a®y) = 5(^(6 _1 (A - a(X))),a)S(x,y) = -S(x,ay). (36) 

This proves the first equality in the Lemma. To prove the second part for a monomial x, we 
use double induction by the number of tensor factors and the number of f's in x. We use 
v M _(x) instead of Vm{ x ) because of the orthogonality mentioned above. 

Let M = M(Ai) be a highest weight module of g with a highest vector v, and a G n_, 
y G M. Since S(vm-{ v )) = 0, we have S(um-(v), a <g> = = 5*(f , cm/). The inductive step 
is as follows. Assume S^M-fa), a®y) = S(x, ay). Then 

S(u M -(fix), a®y) = 

= S{fi®hiX,a®y) + S(fiV M _(x),a® y) = S(fi,a)S(hiX,y) + S(i/ M -(x), e^a <g> y)) 

= S(fi,a)S(hiX,y) + S(u M -(x), [e i? a] <8> y) + S(v M -{x),a® e^) 

= S(fi, a)S(hiX, y) + S(v M _(x), [e h a] ® y) + 5(:c, ae^) 

= S(fi,a)S(hiX,y) + S(u M -{x), [e u a] <g> j/) + S(x,eiCiy) - 5*(x, [e^ajy) 

= S(fi,a)S(hiX,y) + S(u M _(x), [e h a] ®y) + S(fiX,ay) - S(x, [e h a)y) (37) 



If a = /j ,then ( p7|) and the properties S(x, hy) = S(hx,y), S(um-(x), h ® y) — for h G h 
imply 

S{v M -{fi x )i a ®y) = S(hiX,y) + S{v M _{x),hi®y) + S(fiX,ay) - S(x,h, t y) = S(fiX,y). 
If a is orthogonal to with respect to S 1 , then (|3~7| ) and the inductive hypothesis give 
S(v M -(fix), a<g)y) = + S(x, [e h a)y) + S(fiX, ay) - S(x, [e h a)y) = S(fiX, a). 

Thus the statement is proved for one tensor factor. 

Assume that S{uM-{fix),a <g> y) = S(x,ay) for a module M, which is a tensor product 
of up to n — 1 tensor factors (n > 2). 

Let M = M (Ai)®- • •®M(A n ). Recall that = ELi ^mO^)-, where "mU^x)- = 

fi u M( x )- f° r ^ 7^ i) an d v m {fi x )- — /» ® ^ + fi u M( x )-- The following commu- 
tation relations will be useful. S(f^u^ I > _(x), a ® y) = S(uj^_(x), a (g) e^y), for j 7^ /c, and 

S(fifjtf( x )-i a ® u) = ^(^m-I 3 -)' [ e «5 a ] ® Z/) + ^(Hw-( x )) a ® e^y). Both equalities are 
corollaries of the Lemma [O] for one tensor factor, and the definition of S, e.g. S(x\ (g> ■ ■ ■ ® 
^•-i®^M-(^)®x i+ i(g)- • -<g>a; n ,a<g)yi<g>- • -®yj®- ■ -®y n ) = S(v M -{xj),a®yj) Ylk& S(x k ,y k ). 
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In all formulae 1 < i < r, and 1 < j,k < n, and the upper script indicates the tensor factor 
where the action is applied. Let a G n_. The base for the induction is exactly as for n = 1. 
The inductive step is as follows. 

S{u M 4f®x), a®y) = J2 S(v$Mi 3) x), a®y) + S(^_(f^x), a ® y) 

k+i 

= S(fl j) ^l(x), a®y) + S(Ji ® h^x, a®y) + S(f^u^(xU a ® y) 

k+3 

n 

= S(f h a)S(h?x, y) + S(v$_(x), [e h a] ® y) + ^ S(^l(x), a ® efy). (38) 

k=l 

The result for one tensor factor gives 

S(vjtl(x), a ® ejpy) = ^ S(x, a^e?y) = ^ S(x, e?a^y) - S(x, [e t , a]^y) 

k k k 

= S(tf ) x,ay)-S(x,[e i ,a]Wy). (39) 



If a = fi ,then (||), © and the properties ^(x, h^y) = S(h {k) x,y), S(u$_(x), h ® y) = 
for ft, G h, = 1, . . . , n imply 

S(v M -(fi J) x)i a®y) = S(h?x, y) + + 5(// j) x, ay) - S(x, hfy) = S(f^x, ay). 

If a is orthogonal to fi with respect to S, then (08|) , (^) and the result for one tensor factor 
give 

5(^ M -(#x), a ® y) = + S(x, [e h a]®y) + S(f} j) x, ay) - S(x, [e h a]^y) = S(f} j) x, ay). 
This finishes the inductive argument. The Lemma is proved. □ 

5 Flags, Orlik- Solomon algebra, hypergeomertic 
differential forms 



In this section we will formulate results from pV| which define a map between the complex 



of hypergeo metric differential forms and the complex C»(n_*, M*) for a suitable Lie algebra 
n_ and a n_-module M. 



5.1 Complexes 

Let W be an affine complex m-dimensional space and let C be a configuration of hyperplanes 
in W. Define Abelian groups A k (C,Z), < k < m, as follows. A°(C,Z) = Z. For k > 1, 
A k (C) is generated by fc-tuples (Hi, . . . , H^), Hi G C, subject to the relations: 

(Hi, . . . , Hf.) — if Hi, . . . ,Hk are not in general position (codim Hi fl . . . H H^ ^ k); 
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(-Ho-(i), • • • , H^k)) = (-1) |ct| (#i, . . . , H k ) for any permutation o G 

Yli=i{~ l) l {Hii ■ ■ ■ Hi, . . . , Hk+i) = for any (k + l)-tuple Hi, . . . , H k+X which is not in 
general position and such that Hi n . . . fl H k ^ 0. 

The direct sum *4*(C, Z) = (B k n =0 A k {C, Z) is a graded skew commutative algebra with re- 
spect to the multiplication {H x , . . . , H k )-(H[, ... ,H[) = (H u . . . , H k , H[, . . . , H[). A*{C, Z) 
is called the Orlik- Solomon algebra of the configuration C. 

Flags. For < k < m, denote by Flag fc (C) the set of all flags LP D L 1 D ■ • ■ D L k , where 

k , 

U is an edge of C of codimension i. Denote by Flag (C) the free Abelian group on Flag (C) 

k 

and by Fl (C, Z) the quotient of Flag (C) by the following relations. 

For every i, < % < k, and a flag with a gap, F = (L° D • • • D D D L fc ), where 
L J is an edge of codimension j, we set YIfdf-F = in FZ fc (C,Z), where the summation is 
over all flags F = {LP D L k ) G Flag fc (C) such that L-? = L J ' for all j ^ i. 

To define the relation between A k {C, r £) and F/ fc (C,Z) we define the following map. For 
{Hi . . . , Z/fc) in the general position, Hi e C, define . . . , H k ) = {Hi D D ■ ■ ■ D 

#12...*) e Flag fc (C), where Hi 2 .. A = H x f) H 2 D . . . D H { . For a flag F G Flag fc (C), define 
a functional 5 F G Fl k {C,Z)* as S F {F') = 1 if F' = F and 5 F (F') = otherwise. For 
{Hi, . . . ,H k ) in general position, define a map 

p k {Hi,...,H k ) = ^(-1) H ^ CT1 ,...,^). (40) 
Thus we have a homomorphism ip k : A P {C,'L) — > Fl p {C,'L)* . The following statements are 



from [bV|. All groups F/ P (C,Z) are free over Z. *4 P (C,Z) and FI p {C,7j) are dual and the 
map </2 fc is an isomorphism. 

Set A k {C) = A k {C, Z) ® z C and FZ fc (C) = Fl k {C, Z) O z C for all k. 

From now on we assume that the configuration C is weighted, that is, to any hyperplane 
H G C its weight, a number a{H) G C, is assigned. Define the quasiclassical weight of any 
edge L of C as the sum of the weights of all hyperplanes that contain the edge. 

Say that a /c-tuple H = {Hi, . . . , H k ), Hi G C, is adjacent to a flag F if there exists a G 
such that F = F(H ai , . . . , H ak ). This permutation a is unique. Denote it by a{H, F). 

Define a symmetric bilinear form S k on Fl k {C). For F, F' G Flag fc (C), set 

S*(F,F') = ^(-l^^^o^O.-.a^), (41) 

where the summation is over all H = {Hi, . . . , H k ) adjacent to both F and F' . 

The form S k is called the quasiclassical contravariant form of the configuration C. It 
defines a bilinear symmetric form on FL k {C). See | |S V| ] . 

Flag complex. Define a differential d : Fl k -> F/ fc+1 by d(L° D • • • D L fc ) = ^ lt+I (L° D 
■ ■ ■ D L k D L k+1 ), where the sum is taken over all edges L k+1 of codimension + 1 such that 
L k D L k+1 . From the definition of the groups Fl k it follows that d 2 = 0. 

A complex (.4*, cf(a)). Set = u{a) = J2 HeC a{H)H, u{a) G A 1 . Define a differ- 
ential d = d{a) : A k — > ^4. fc+1 by the rule dx = a; (a) • x. It is clear that gP = 0. 
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For any k, the quasiclassical bilinear form on C defines a homomorphism 

S k : Fl k -> (Fl k )* ~ ^ fc , (42) 
where = (-l) fc(fc - 1)/2 S(F, .). 

Lemma 5.1 5* defines a map of complexes S' = S 9 (a) : (Fl'(C),d) — > (A* (C) , d(a)) . 

Note. There is a misprint in EV| in the definition of S k where the factor (— l) fc ( fe_1 )/ 2 is 
missing. 

Proof. For any edge L, set S(L) = YIh&c lch a (H)H, S(L) G A 1 . It is easy to see that 
the homomorphism S k is defined by S k (L° D . . . D L k ) = (-l) fe ( fc - 1 )/ 2 1 S'(L 1 ) • S(L 2 ) ■ ■■S(L k ). 
In other words S k (L° D . . . D L k ) = (-l)*^" 1 )/ 3 ^a(ffi) . ..a(H k )(H h . . . ,H k ), where the 
sum is over all /c-tuples (Hi, . . . , Hk) such that ifj D L* for all z. Therefore, we have 

S k+1 d(L° D...DL k ) = S k+1 I ^ (L° D . . . D L fc D J 

\L k + 1 ,L k + 1 cL k J 

= (-1)^ ^ a(^) . . . a{H k )a{H k+1 ){H u ...,H k , H k+1 ) 

= ^-l)^J2< H i)--- a ( H k)(Hi,... ,H k )} -(-l) k J2a(H k+1 )H k+1 

= ((-1)^ ^ a(tf x ) . . . a(^)(i? l5 ...,H h j). (-l)^(a) 

= D . . . D L k ) ■ (-l) k uj(a) = uo(a) ■ S k (L° D . . . D L k ) = d(a)S k (L° D . . . D L k ). 

The second, third and fourth sum are over all ifj, such that Hi D L\ for 1 < i < k and 
H k+1 C\L k ^ 0. Note that H k+1 (~)L k = implies (Hi, ... ,H k , H k+1 ) = 0, and thus the fourth 
equality is justified. The sixth one comes from the skew symmetry in A'(C). □ 
Recall that we have a weighted configuration of hyperplanes in a complex m- dimensional 
space W, and a = {a(H)\H G C} are the weights. Fix an afline equation Ih = for each 
hyperplane H G C. Set Y = W — [j HeC H. Consider the trivial line bundle C(a) over Y 
with an integrable connection d(a) : O — > Q 1 given by d + Q(a) = d + YIh&c a (H)d log Ih, 
where d is the de Rham differential. Denote by Q'(C(a)) the complex of F-sections of the 
homomorphic de Rham complex of C(a). 

To any H G C assign the one-form i(H) = d login G fi 1 (£(a)). This construction defines 
a monomorphism i(a) : (A'(C),d(a)) — > (Q'(£(a)), d(a)). The image of this monomorphism 
is called the complex of the hypergeometric differential forms of weight a. It is denoted by 
(A'(C, a), d(a)). The image of the homomorphism i(a)S : (Fl'(C),d) — ► (ft* (C(a)) , d(a)) is 
called the complex of the flag hypergeometric differential forms of weight a. It is denoted 
by (Fl'(C, a), d(a)). For further details see ||SV| . 

5.2 Discriminantal configurations 

Let W be an affine complex space of dimension m. Let zi, . . . , z n be pairwise distinct complex 
numbers. Denote by C m a configuration in W consisting of hyperplanes H k i : t k — U = 0; 
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1 < k < I < m. So C\ = 0, and Y(C m ) is the space of m-tuples of ordered distinct points 
in C. Denote by C n - m (z) a configuration in W consisting of hyperplanes H 3 k : t fc — Zj = 0, 
1 < k < m, 1 < j ' < n, and Hki, 1 < k < I < m. Thus, Y(C n:m (z)) = p~ 1 (z) where 
p : Y(C n+m ) — > Y{C n ) is the projection on the first n coordinates. Define Co- m = C m . 

Edges and flags of C„ jm . For every non-empty subset J = {ji, . . . ,jk} C [m] set L j = 
fl Hj 2 j 3 fl . . . H Hj k _ 1 j k G C k 7^. L is an edge of codimension k — 1. In particular set 
Lj = W, for k = 1. For z G [n] define Lj = H l h n #j 2 n . . . n G C* TO . L l 7 is an edge 
of codimension k. Set L % = W. Given non-intersecting subsets J\, . . . , h, ■ ■ ■ , F n C [m], 

define l^,...^^,...^ = (n" =1 ^) n (nr=i4j- 

Multiplication of flags. Given two subsets J C [m] and / C [n], denote by Cj-i C C m;n 
the subset consisting of all hyperplanes ifj U - 2 with ji,j2 G ^ and .£/] with j G J, z G /. 
Given subsets J, J' C [m]; 1,1' C [n] such that J fl J' = 0; I fl i 7 = 0, define maps 
o : Flag fc (C /;J ) x Flag*(C JV - Flag fc+/ (C /u/VuJ as follows. For F = F(H u ...,H k ) G 
Flag fc (C /;J ), F = F(H[, ... , Hj) G Flag'(C JV 0, set F o F' — (H u . . . , H k , H[, . . . , H[). The 
following lemma, [ |SV|| Lemma 5.7.2, takes place . 

Lemma 5.2 T/ie above map correctly defines the map Fl k (Ci-j)<S)Fl l (Ci' ; j') — > Fl k+l (Ci u i',juJ') ■ 
Moreover, for all x G Fl (Cj-j), y G Fl l (Cp-ji) we have x o y = (—l) kl y o x. 



5.3 Two maps of complexes 

Let g be a Kac-Moody Lie algebra without Serre's relations. Let M = M(A\) <g> • ■ • <S> M(A n ) 
be a tensor product of Verma modules with weights Ai, ... , A n G h*. Set A = (1,1,... ,1). 

m 

In this case the number of generators (fj)i of n_ equals m, i.e. r = m. Two maps of 
complexes ip, and rj, are described in |S] 



V P : C p (n_, M) A - Fr", r/ p = y?" 1 o (V^ 1 ■ C p (nJ , M*) x - A m ~^ (43) 



where is the map (f40|). 

/Vote. The maps define isomorphism of complexes. In view of Lemma [5J] and ||SV 
Theorem 6.6 the maps (— l)( m ~p)( m ~P _1 )/ 2 r/ p define isomorphism of complexes. 

We will recall the explicit description of ip, under the above assumption on A. Let g G n . 
A length I = 1(g) of a commutator g is given via an inductive definition. Set l(fj) = 1 for 
j = 1, . . . ,rn. If g = [gi,g 2 ] and h = l(gi), l 2 = l(g 2 ), then set 1(g) = h + l 2 . So 1(g) ="the 
number of /'s in g" . 

To every commutator g assign a bracket sign b(g) G Z/2Z as follows. Set = 0; 

b([gi,g 2 ]) = b(gi) + b(g 2 ) + l( gi ) mod 2. 

To every commutator g assign a flag Fl(g) G i^Z^ 5 ^ 1-1 (C 0; | 9 | ) as follows. Set Fl(fj) = □. 
If g = [g 2 ,gi], set Fl(g) equal to Fl(gi) o Fl(g 2 ) completed by the edge L\ g \. 

Finally, for a commutator g set = (-l) bfe) F/(^) G Fi^ -1 ^^!). For J = (i u . . . , i,) C 
{1,... ,m} and 1 < i < n, set fj = f k ... f h G C/(n_) and = F(Hf l7 ... , fT?) G 

FZ'(C {<} ./). Let * G C p (n_, f/(n_)® n ) A and z = g p A g v -\ A ■ ■ ■ g± ® f In f In _ ± ® • • • ® , 
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where all gi are commutators, U = l(gi). Let {A, ■ ■ ■ , fi m } be the list of A s in z read from 
right to left. Define o{z) G E TO by a{z){j) = ij. Set 

^(z) = (-ijl^JI+ELiW-Dft-Dir 1 ^) o . . . o F"(AJ o o . . . o F^). (44) 



Note. There is a correction of the sign in the definition of ip compared with S_V|. 

Examples. Let n = 1. ^(/ m . . . A) = F(iA\ ...Hi), and //((A, . . . AJ*) = (-l^iZ^o 
• • ■ o H am _ 1)(Tm o i?* . Compose the inclusion map i(a) : (*4*(C), d(a)) — ► (Q*(£(a)), c?(a)) 
(see Section |5J] ) with the map 77 to get 



2(a) o r)((f ai . . . AJ*) = (-l) |ff| rfln(t ai - A 2 ) A ■ ■ ■ A dln^., - £ a J A c?ln(A m - Zl ). 

Let I G P(X,n) and / = . . . ,i\ v ... ... Since A = (1, 1, . . . , 1), I G E m . 

Let J,- = . . for 1 < j < n. We have i{a) o r/((AJ* ® ■ ■ ■ ® (AJ*) = (-1) |J W 
Therefore i(o) v(Y.ieP(\, n )(fi)* fi) = u{z,t), see Section^. 

Let I — . . . , i™, . . . , ) G P(A, n), and 1 < k < Sj. Define 

Uii = A„ ® • • • ® A 3+1 ® A • • • A ® 4-i ® • ■ • ® 

' fc fc+i s j 

9 T . ] =U i i ji A---Au.j-i .3-1 Au f .Au.j+i -j+i A-'Afe...;; A 

j 

A [rfln(^ - t 4 ) A • • • A dln^ - t i{ )} (45) 



o 



l l' l 2 l k-l' l k 



where = fl^ o • • • o H k _ lik o Hf r 



Lemma 5.3 Let I G P(X,n). Let e 3 k = k((sj — k) + Sj + i + hs„). Then 

,, ® (A:,)") = (-i) |/|+4 ^4 (46) 

Proof. The statement of the Lemma is equivalent to the equation: 

A. J ,...,. J ®(A ;4 )* = (-l) |/|+ V 1 (^ i )- (47) 

1 fc 

It is sufficient to compute the two sides on elements of type g® A where (7 is a commutator 
of length k on A, • • ■ j A • Let a G and A > • • • j A be the list of A ' s entering g from 

1 k 1 

right to left. The left hand side and the right hand side of ([47]) evaluated on g ® fjj give 

' k 

K,,...,a, ®(f I . i 0*(g®f I . ii )^A a . i ..., a .{g), 

'l l k t l 'k 

(-l) W ^V-\H lK )(g<8>f l4 ) = (-if^HjMig®/^), (48) 

' k ' k ' k. ' k. 
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respectively. See formula ( fj3|) . Use the definition of ip to obtain 

H9 0f I . tl ) = (-l) lTl F(Hl l ,...,4)o-oF(4 //;, )o-.. 

■■■oF(H« ,...,!*$) oify), 

1 

/ X m \ 

where 7~ — I -I ... jX ... j3 ... fj3 ... »n ... ? 'n j3 ... j'3 . J as an element of S m has the form 

y l s 1 <■! '■Bj l k + l l s n 'l 'cti 'ctj. J 

J = (,i ... ,i ... ... ;i ... ... ,t> | . Thus 

\I\ = (\t\ + S 3 k + k(( Sj - k) + s j+1 + ■ ■ ■ + s n ) + \a\) mod 2, (49) 

where ^ = + ~ ^ ~2 " " " ~ ' ^ ^ = ("i)^ 1 ^ ° 

Hi t _ u i t o ■ ■ ■ o H il i2 . Use the definition of (p, (PH|), to compute 

vWx,... A ) = (-1)' (/ - 1}/ V(^ o H k _ lM o ■ ■ ■ o fl^) 

= (-l)' ( ^ 1)/2 5 F (^P 5 ... 5 Hf ) + other 5 - summands. (50) 



<P(B l4 ) = (-l) s ^(Hl o ^ o...oH i{ 



O ■ ■ ■ O H 4 O H-j ,] o ■ ■ ■ o H- 



■■■oH^n O in O • • • O f/jryn O [i? .j j O ■ ■ ■ O Hj A). (51) 



We use formulae (|49y50y5T|) to simplify 

(-l)W+4 r ^ H It j)(g9f l4 ) = (-l)^(iJ, ,o-..oF, yXFfo)) (52) 

5 fe ' fc 1' 2 fe — 1 ' fc 

The proof of Lemma [5.3| is finished modulo the following result. □ 



Lemma 5.4 Let rjj, ipj be the combinatorial maps (j^), ( $4i) defined on the set of distinct 
indices 1,1 = . . . , i k } C {1, . . . , m}. Then ?yx(A il) ... iifc ) = H il)i2 o ■■■ o H ik _ uik , for any 
k = 2, . . . , m. 

Proof. Induction by k. For k = 2, g = [fa, fa] forms a base of the commutators of length 2 
on fa and fa. A il)i% (g) = I. Since b(g) = 1 and F(g) = (-l) fe(9) F(H iui2 ) and a = {\\), we 
have r ? - 1 ( J ff n , 2 )([/ n ,4]) = ^iaXV^)) = ^ ( ^ 2) ((-l)H+%)F(^ 2 )) = 1. 

Let 2 < k < m. Assume that for any j, 2 < j < k, and 1 < s\ < ■ ■ ■ < Sj < k 
we have 77 (Aj^...^.) = #t sl ,» S2 o ■■■ o H is i)is .. Let g be a commutator of length k on 

. . . , fa. Then g = [#i,# 2 ] with /(#i) = Z l5 and Z(# 2 ) = h, and i x + Z 2 = k. Let a G S fc 
be such that /j^, . . . , fa is the list of fas in g read from right to left. In order to evaluate 
r]~ l {H ixM o ■ ■ ■ o H ik _ ulk )(g) = (p(H hti2 o ■ • • o H ik _ uik )(ip(g)) remark that 

iP(g) = (-l)\^\Fl(g 2 )oFl( 9l ),L lgl ) = (F (g 2 ) o F( 9l ), L iu ... ,J 

i;- 1 ^,*, o • ■ ■ o H ik _ liik )(ip(g)) = J2 (- 1 ) |T| ^ 1 ,v 1+1 ,-^ fc _ 1 ,v fc _ 1+1 )(^^)) (53) 
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Since a link corresponding to a hyperplane -Hjj+i connects only neighbouring indices in a 
flag of a type F(H iTijiTi+1 , ... , if^^^^) we have 

= C— ') i (til = • ■ ■ = ^i Tfe _ 1 i ti Tk _ 1+1 — ' ' ' = -^ii,... ,i fc = (^1 = ' ' ' = U k ))- (54) 

Let ^ WTiiiTi+l) ...^ Tfc _ iiTfc _ i+l )(V(^)) ^ 0. Since (-l)H+%)^(^) = (Fl(g 2 ) o Fl( 9l ), L [g[ ) = 
(□,-•• ,^| g2 | nL| gi |,L| 9 |) formula (|53|) implies either L |si | = (t h = ■■■ = t iTfe i ); L| 92 | = 
= • • • = or L| S2 | = (t tl = • • • = L lgil = (t irk _ i+1 = ■■■ = t ik ). Without 

loss of generality we will assume that the second case takes place, i.e. L\ g2 \ = {t^ = t i2 = 
■■■ = K^)] L\ 92 \ = (U Tk _ 1+ i = ■■■ = t ik _ x = t ik ). Compare the lengths of the flags to 
conclude that Tk-i = l 2 . In order to have non-zero multiples in the product 

S F {H iritiTi+1 ,...,H iTk _ i>iTh _ i+1 )(Fl(g 2 ) oFl( gi ),L lgl ) = 

= 5 nH, wl ,..,H lri2 _^^ (55) 

we need (n, . . . , t/ 2 _i) to be a permutation of the set (1, . . . , / 2 — 1) and (t; 2 , . . . , Tk-2) to be 
a permutation of the set (Z 2 + 1, • • • , k — 1). Set r' = ( ^ 4 2 ~i ) and t" = ^ r^-h r k h 2 -h ) • 
Then (-1)I T I = b ^ + ^ = b ^ + 6 ^ mod 2> and 

= (-D H+ ' (9,+ "-' £ (-D^m^ N ,„><«<*)> x 

x E (- 1 ) |r "'^ +; .v» +i+1 --^v» +i -v< 

' T i +'2 T l +'2 + 1 T ;,_i+'2 ^; 1 _i+'2+ 1 

7 -» e s, i _ 1 l i 1 'i 

= (-ljH-V 1 ^ • ■ ■ ^ i2 - lA2 )(^(^))r/- 1 (^ i2+lA2+2 o ■ ■ ■ o 
= (-ljtr 1 ^!,* • • • ^ 2 - 1 ,n 2 )(^(^))^- 1 (F i!2+li , i2+2 o ■ ■ ■ o tf^J W<?i))- (56) 

The last equality holds because cr = ( ^ ;;; <4 ) — ( A ■■■ if 2 ) x ( o-ia+i ■■■ ) • Using the 
inductive hypothesis rewrite (0) as 

V~\H hA2 o ■ ■ ■ o H ik _ 1>ik )(ip(g)) = (-l)A h ^ >il2 (g 2 )A ih+u .„ )ik (gi) 

= A lu ..., k ([ gi ,g 2 ]). (57) 

□ 



6 Derivation of the dynamical differential equation 

In this section g will be a Kac-Mody Lie algebra without Serre's relations, A = (1, 1, . . . , 1), 
r = m. We will work in a weight space M\ of the module M = M(Ai) (g) • • • ® M(A n ). We 
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will differentiate the hypergeometric form u(z,t), express the result in terms of the complex 
C.(n_*,M*), and derive the Dynamical differential equation in the form (f25p. 

The integrand of a hypergeometric solution have the following form, see Section |3]. 

$]lu = exp(-(-^(« c( i), / u)t i + ^(A i;/ u)^))$«, where 
K i=i j=i 

i<j k,j k<l 

Fix fi' G h and let be the partial derivative with respect to the parameter /i in the 
direction of /i'. Then 

m n 

Kd^(<S>«u) = (-J2( a c(i),V% + J2( A i^>jM 53 (~ 1 ) |/ WjV. (58) 
«=i i=i ;eP(A,n) 

Let / — ... , . . . ; i", . . . , z™ n ) G -P(A, n). Moreover / G S m because of the form of A. 
Since r = m we have c(z) = i. Set t-j = 2,- and on, . = a-j + a-j + ■ ■ ■ + a-j. Rearrange 

v ' l sj+i J k ' J l k l k~\ h 

the following expression: 



m n n Sj n 

(- ^2(ai, fi% + J2(Aj, n')zj)wi = (- 2 53( a 4' + 53( A J' 

i=l j=l j=l fc=l j=l 

n s j n 

= (- 53 53K{> m'X^ - H + i + H + i ~ H+2 + " ' + % ~ z i + ^ + 53^' ^>^-M 
j=i fe=i , - j ^. =i 

= (- 53 53^' - + (53 z i< A J ~ a *i % > ( 59 ) 

3=1 k=l j=l 



Lemma 6.1 Let u(fi, z) — f,.<f>jZu}. Then 

Kfyti - 5>/flii = 53 (— / $|(-5^5^k ; ,,/.'}(^-^ +i )k/^ (60) 

3=1 /GP(A,n) ^ 7 ^) 3=1 fe=l 

Proof. Combine formulae (EST), with the fact y'^'fiv = (A 3 - — c^j — - - • — ,fi')fjv to 

1 s j 

obtain the result. □ 
Lemma 6.2 Define an operator L by Lu = nd^u — 5^j=i Zjfj,'^u. Then 

\Ct, U) 
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Proof. Let I G P(\,n) and 1 < fc < Sj. 

h - kJ Ul = ^••••^i A " ' A " >>„-4 A ' ' ' A ^--^ 

= A ■ ■ • A [dlnfe - t i{ ) A • ■ ■ A dlnfe - fy) A dfe - tj ) A 

A d ln(t,, - t .j ) A • • • A d ln(t ., - *,-)] A • • • A u& ••» 

= (-l)^-"^ A 1 ' * A A * " A U ? % A 

A [dln(^ - i.;) A • • • A dln(t. ti - t^)\ A d(^ - 

= (-1)^ A - = (-l^+^dfa - A ^4, (61) 

' fc k fc + 1 fc fc + 1 ' k 

where e{ = k(sj+i + • • • s n + Sj — k). It is clear that dOj.j = 0. Thus 

m 

Kdt^le^) = (-^(a^^d^ + ^-^d^))^^. (62) 

' k * * 3 fc 

i=l 

Rearrange as in formula ( p9|) and simplify to get 

n sj 

(J2 »,,.,/)d(/, ; - A 0, 4 = ^(W)) A 0,.; 

j=i fc=i 

K ;j ,/i')d(^ - A = ^(d^)) A 0^ 

Since 7(2;) is a cycle, formulae (§!]), (§3) allow us to rewrite Lu as 

lGP(\,n) J ^ z ) j=l k=l V^ii'W 

- £ /*;(-££ f^4(-ir-'f a W .,.^ 4 « ( /, 4 )-)) («, 

/GP(A,n) ^ j=l fc=l V^WW 

Since # r j is closed, its differential in the complex of the hypergeometric differential forms 
reduces to multiplication by i(a)(Q(a)) = d<$/$. Taking into account Lemma |5.1| we have 

i fcn A,nj -W j=l fe=l ^ii'W 

- £ *® </«£>'» 

/GP(A,n) J7 ^^ i=l fe=l X 



-«$;»d t ($|e I ..i) (63) 
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= E s- 1 *;(-EEM(-w^^i 

/GP(A,n) J T( 2 ) j=1 fc=l 

/" n S 3 I l\ 

= E a/ w *;(-EE^cw°^ (^) 

IeP{X,n) J ^ z > j=l k=l N l *;j>A*7 

Note that a*^, = 1, . . . ,Sj describe all A-admissible roots such that A+ a (fi)* ^ 0, see 
Section [4.4| . Therefore 

^ = - £ /'/ *hK*)°v{T,TT% E A, lr .., im;eim; ...e il (/ J )*)) 

IeP(A,n) a>0 ^ ' W (ti,...,i TO ,)eP(A«,l) 

= - E a/ ^(W.EfeS-^n) 

= -E^4 E ("*-,«(//)*), /*>«*// (66) 

a>0 ^ K,IeP(X,n) 



a, //) 



a>0 



(a,//) 



a>0 



(a,//) 



□ 



(67) 



The statement of Lemma |6.2| is equivalent to the Dynamical differential equation in the 
direction of /jf for a function u with values in the (1, 1, . . . ,1) weight space of a g module 



M. The Symmetrization Lemma 4.11 deduces the general case from this one. 



7 Main theorems 

In this section we conclude the proofs of the the Theorems from Section |3] in the setting 
of Kac-Moody Lie algebras without Serre's relations. Then we deduce the corresponding 
results for any simple Lie algebra. 

Let g be a Kac-Moody Lie algebra without Serre's relations. Let A G N r . Let M = 
Af(Ai) ® ■ • - <8> M(A n ) be a tensor product of Verma modules for g with highest weights 
Ai, ... ,A„ 6 h*. Let u(fi,z) = J2ieP(Xn) u ifi ^ e a hyper geometric integral with values in 

the weight space M\ as described in Section |3], i.e. uj = f,-> $/J (So-e£(7)(~ l)' cr ' Ct; /,o-)- 
Theorem 7.1 The function u(fi,z) solves the KZ equations ftUfy in M\. 



Proof. The proof given in Section [| holds, because all relations we used are proved in fSV 



in the general setting described above. □ 
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Theorem 7.2 The function u(fi,z) solves the dynamical differential equations (Tty) in M\. 



Proof. Lemma [4.11| reduces the case of a general weight space M\ to the case of a weight 



space Mr, where A = (1, !,...,!). Lemma |6.2| derives the Theorem in that case. □ 



Proof of Theorem |3.2| . Combine Corollary |4.4] and Theorem [7.2| to derive the dynam- 
ical differential equations for any Kac-Moody Lie algebra. In particular we have it for a 
simple Lie algebra. □ 

Finally we will prove a determinant formula which establishes a basis of solutions for the 
system of KZ and dynamical differential equations in a weight space M\. From that formula 
we will derive the compatibility of the system of KZ and Dynamical differential equations. 

Fix A G N r . Fix a basis (fjv )ieP(\,n) °f the weight space M A . Assume that a set 

(7j(z))ieP(A,n) °f horizontal families of twisted cycles in {z} x C m is given 

i 

Denote u u = / 7j(z) $/KE ff6 s(j)(- 1 ) Ha; J;*)- 

Proposition 7.3 Let 5 a = trM A (A +)Q ) for a positive root a of g. Denote = tr^ A ($7y >+ ). 
T/ien we /iaf e 

fa,) For any horizontal families of twisted cycles ( r yi(z))i e prx, n ) in {z} x C m , t/iere exists 
a constant C = C(A 1; . . . , A n , A, k) such that 

n 

i=l a>0 i<j 

In t/ie /irsi product only finite number of factors are different from 1, i.e. 5 a ^ if and only 
ifO<a<\. 

(b) For generic values of the parameters (Aj) 1 JL l , (aj)[ =1 , k in a neighbourhood of a generic 
point (/x, z) 6 hx C n we can choose cycles (ji(z))i e pr\ in ) s,uc ^ ^ e constant C from (a) is 
non-zero. Moreover the set of functions {u 1 = J2jep ( \n) u ufj}i£P{\n) form a fundamental 
system of solutions for the system of KZ and dynamical differential equations. 



Proof. Part (a) is a corollary of Theorems [7J] and [7.2| . We will prove part (b) for values 



of the parameters such that all numbers (aij, aij)/K, — (aij, Afc)/« have positive real parts for 
1 < 2, j < r, 1 < A; < n, and for a point (fi, z) such z G R n , z\ < zi < ■ ■ ■ < z n and 
(ati, p) / n > for any i — 1, . . . , r. For generic values of (Aj)™^, (aj)[ =1 , z, /i, K (b) holds 
by analytic continuation. 



The case A = (1,1,... ,1). Set f (t) = Y17=i{ a c x (i)^)^j- Let 1 



(*!)••• a * si i 



ij, . . . ,ij ) G P(A,n). Set 7/(2) = {t G R n : z,- < < • • • < < Zj + 1 for all j = 

1, . . . , n}, where z n+ i = 00. Note that {7/(^)}/eP(A,n) is the set of all domains for the config- 
uration of hyperplanes : t« — tj = 0, iff : £j — z/. = 0, 1 < i < j < m, 1 < k < n which are 
either bounded, or the limit of fo on them is +00 when \\t\\ — > 00. In [Q a linearly indepen- 
dent set of hypergeometric differential n-forms, called /3nbc differential n-forms, associated 
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to those domains is denned. An explicit non-vanishing formula for the corresponding deter- 
minant is given in ||MTV|| Theorem 6.2, see also |PTj| . Since A = (1, 1, . . . ,1) the space of 



hypergeometric n-forms is isomorphic to the space Co(n_*, M*)\, see Section The latter 
has basis (fiv *)ieP(\,n) which gives the basis {uj = i(a)or](fiv*j)i e p^\ in ) of the space of hyper- 
geometric n-forms. Since this basis and the /mbc set have the same cardinality the non-zero 
determinant formula for the integrals of /3nbc forms over the domains { , ji(z)}i G p^\^ implies 
a non-zero determinant formula for the integrals of {oJi)i^p(\ ;n ) over the same domains. Since 
the determinant is non-zero at one point (fi,z), it is non-zero at any point (/i, z) under the 
above conditions on the parameters. 

The case of generic A G N r . Consider C (n_*,M*) A and Co{rH, M*)^...^ as in 



Section AA . A basis for the E^-symmetric hypergeometric differential forms is given by 



(vi)iep(\,n), where ^/ = Ej e s(/)^ and^j = i(a)orj(f^). P(( l, 1, . , l ),n) = U IeP ( X , n )S(I) 

m 

a disjoint union. Thus the set (a»j)j e p(A,n) consists of linearly independent forms in the space 
of all hypergeometric forms. The integral pairing described in the previous case is non- 
degenerate. Therefore there there exists a subset of the set (7j(z))jeP((i,i,...,i),n) indexed by 
the set P(X,n) such that the corresponding determinant is non-zero. □ 

Corollary 7.4 The system consisting of the union of KZ and Dynamic differential equations 
for any Kac-Moody Lie algebra with (or without) Serre's relations is a compatible system of 
differential equations. 

Remark. An algebraic proof of the compatibility of the system of KZ equations is given in 

fls^ 



Proof. Let us write the differential operators which determine the KZ equations (|T2| ) and 
the dynamical equations (|T3| ) in the form 



d d 
KZ: — h Bj, Dynamical: — — - + Cy , where j = 1, . . . , n and /i G h. (69) 

The operators Bj and Cy are linear for any j — 1, . . . , n, // G h. In order to prove the 
compatibility of the system of KZ and Dynamical differential equations we need to check 

{£- + B v ^ + B k} = o, [£- + B v ^7 + C A = °> and + Cy, + c M //] = o. 

First consider the case of a Kac-Moody Lie algebra without Serre's relations, g, acting 
on a tensor product of highest weight modules M. We have 

+ + <V1 = (|"^> " (^) + ft. ^ (70) 

The result is a linear operator with meromorphic coefficients depending on parameters {2, /i, 
(«i)i = i, (Aj)^ =1 , k}. Analogously, the commutators [ + Bj, ^- + 5 fe ] and + Cy , ^77 + 
C ii »\ are linear operators with meromorphic coefficients depending on the above set of pa- 
rameters, where j, k = 1, . . . , n, //, //' G h. 
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It is enough to show the commutativity of the above operators for generic values of the 
parameters. Then the commutators will be zero for any values of the parameters by analytic 
continuation. 

Take such parameters {z, [A, (a;)[ =1 , (Aj)!? =1 , «} that the set of hypergeometric solutions 
of the system of KZ and dynamical differential equations forms a basis of M. According to 
Proposition |7.3| (b) this is a generic choice of parameters. Since the KZ and the Dynamical 
differential operators act as zero on the set of hypergeometric solutions, their commutators 
also act as zero on the same set. Therefore the commutators act as zero on the g-module 
M. 

Finally, consider a Kac-Moody Lie algebra with Serre's relations g = g/ker(S' : g — > g*) 
which acts on L = M/ker(S : M -> M*). Corollary [Q] and |[V|] Corollary 7.2.11 show that 
the Dynamical and the KZ operators for g correspond to the the the Dynamical and the 
KZ operators for g under this factorization. Then the commutativity of the operators on g 
implies that they are commutative on g as well. □ 
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